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Abstract—For an ordered set W = {Wl,Wz,...,Wk}of vertices and a vertex v in a connected

graph G, the (metric) representation of v with respect to W is the k-vector r(v/W) = (d(v, wi), d(v,
w2), ..., d(v, wg)), where d(x, y)representsthe distance between the vertices x and y. A resolving
set of minimum cardinality is called a minimum resolving set or abasis and the cardinality of a
basis for G is its dimension dimG. For the graph G; = (V1, E1) and Gz = (V2, E) their joinis

denoted by G: +G, is the graph whose vertex set is Vi, and the edge set is
E= E1U EZU{UV;U eVl,V EVz}' In this paper, we determine the metric dimension of join of

paths, paths and cycles, path and stars, complete graphs,complete graphs and paths.
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1. INTRODUCTION

The metric dimension problem was first
introduced in 1975 by Slater [9], and
independently by Harary and Melter [7] in
1976. This parameter has been studied for

K., Pk

1 K Gy P (Petersen graph), grids,
trees, multi-dimensional grids, Torus
networks, graph operations etc. Let G be a
connected graph of order N>2, then
dim(G) = n-1 if and only if G = Kun and for
N>4, dim (G) = n - 2 if and only if

G=K,,(r,s>1),G=K, +k,(r>1s>2)

or G=K, +(K, UK, )r,s>1) [9]. And
dim(G) = 1 if and only if G = Pu[8]. Some
bounds for metric dimension of join of
graphs G and H as dim (G) + dim (H) < dim
(G + H) and max (dim (G), dim (H)) < min
{dim (G) + |HI, dim H) + [G|}-1 are
established in [3]. The concept of (minimum)
resolving set has proved to be useful and/or

related to a variety of fields. The concept of
minimum metric dimension has applications
in the field of robotics[10]. A robot is a
mechanical device which is made to move in
space with obstructions around. It has
neither the concept of direction nor that of
visibility. But it is assumed that it can sense
the distances to a set of landmarks. A basic
problem in  chemistry to  provide
mathematical representations for a set of
chemical compounds in a way that gives
distinct representation to distinct
compounds. As described in [8], the
structure of a chemical compound can be
represented by a labelled graph whose
vertex and edge labels specify the atom and
bond types, respectively. Other applications
of resolving sets arise in various areas
including coin weighing problem, drug
discovery[8], robot navigation [11], network
discovery and verification [13], connected
joins in graphs[1] and strategies for the
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mastermind game[12]. For a survey of results
in metric dimension, we refer to Chartrand
and Ping[5].

2. PRELIMINARIES

A graph G = (V, E) is an ordered pair
consisting of a nonempty set V of elements
called vertices and a set E of unordered pairs
of vertices called edges. A graph is said to be
connected if there is a path between every
pair of vertices. If the graph is connected,
the distance between every two vertices a
and b, denoted by d(a, b), is the length of a
shortest path joining a and b. A graph
having no loops or multiple edges is called a
simple graph [6]. All the graphs considered
in this paper are undirected, simple, finite
and connected. The order and size of G are
denoted by n(or m) and k respectively. We
use standard terminology, the terms not
defined here may found in [2], [4] and [7].

The idea of resolving sets has
appeared in the literature previously [7]. A

vertex X €V (G) is said to resolve a pair of
vertices {U,V} in Gif d(u,x)# d(v,x). For
an ordered subset W = {Wl,Wz,...,Wk} of

V(G) and for any vertex V€V, the (metric)

representation of v with respect to W is the
k-vector which is denoted and defined as

() = (@) dvw,) o dfvw)) andif
r(v/W)=r(u/w) then u = v for all
u,v EV(G ) A resolving set of minimum

cardinality is called a minimum resolving
set. A resolving set W of G is defined to be
connected if the sub graph induced by W is a
nontrivial connected sub graph of G. A
resolving set W of G is said to be
independent if no two vertices in W are
adjacent. A minimum resolving set is usually
called a basis for G. A resolving set W is
called a minimal resolving set of a connected
graph G if no proper subset of W is a
resolving set of G. The minimum cardinality
of a minimal resolving set of G is called the
metric dimension of G and is denoted by
dimG. The metric dimension of almost all
graphs depends upon the number of vertices
in the graph. But for some graphs like paths,
cycles, their metric dimensions are not
depending on the number of vertices in the
graphs.

3METRIC DIMENSION OF JOIN OF
PATHS AND PATHS WITH OTHER
FAMILIES OF GRAPHS

In this section we study about the resolving
sets of join of paths, paths and cycles and
paths and stars. The following theorem
provides the metric dimension of join of a
path to itself.

Theorem.3.1. For every positive integer n,

the metric dimension of P, + P, is

1 ifn=1
dim(P, +P,)=13 if2<n<3@31)
n ifn>4

Proof:For n=1, P, + P, =P,. Therefore
dim(P, + P,)=1.For

n=2,P, +P, =K,.Therefore

dim(P, + P,)=3. For n>3 consider

G =P, +P,. Vertices of G is labelled as

in Figure-1.

Figure-1

Here distance between any two vertices is
less than or equal to 2. And also

d(v;,v})=1vi, j=12,...,n.For
n=3W = {vl,vz,vg} form a basis for
P,+P,.

Claim:For n > 4,dim(G) > n.

If we assume dim(G) <N, then we can find
out at least one pair of vertices in V\W such
that they have the same metric
representation with respect to W. Therefore

dim(G)>n.
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From calculations we get if n is an

odd number then
{Vl ’V3,... AVARTA ,V4,V6,...,Vn71} is a basis
and if n is even then

basis for G. Therefore dim(G)=n.

Theorem. 3.2. For given positive integers
m, n the metric dimension of (Pn + Pm) is

dim(P, +P, )= 2

(3.2)

Proof: Let G =P, + P, .LetV,,V,,...,V, be
the vertices of P, and U;,U,,...,U, be the

vertices of P, .
Case.l: n=m=1
Result follows by Theorem. 3.1.

Case.2: If
(P +P,)=K,.

n=1m=2 then

Therefore dim(Pl + P2)= 2.

If N=1,m=3 then vertices of P, + P,are
labelled as in Fig-2.

V1

u1 uz us

Figure 2

1 ifm=n=1
if2<m<3

[%J+n—1 ifn>1m=>4

Then W :{ul,uz} form a basis for G.
Therefore dim(Pl + P3)= 2.
Case.3:ifn>land m=>4

Forn=1landm=>4

Let G=PF+P, and V,uU,U,,...,U, be

the vertices of G as shown in Fig-3.

m

u1 uz u3 Uu4Um

Figure 3

Then W = {ul,uml,us,ums,...,qu}

form a basis for G. Therefore

dim(P,+P, )= {%J m> 4.

Similarly dim(P, + P, )= EJ +Lm>4.
Since
W= {Vllul’ Um—l’ u3’ Um—s""’ U{ZJ}

form a basis for P.+P.- where v1 is a
2 m

vertex of P,

More generally forn>1and m=>4
. m
dim(P, +P, )= {EJJF n-1,m>4.

Remark.3.3.The subgroup induced by the
vertices of a basis for the join of two paths
are connected or equivalently their does not
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exist an independent basis for join of two
paths.

Theorem.3.4. The metric dimension of join
of two graphs is 2 if and only if it is of the

form P, 4+ P, where 2<m<5.

Proof:Let G bethe join of two graphs with
dim(G)=2. The with
dimension 2 and which do not have
independent basis are Ks, C+ and P1 + Pm
where 2 < m < 5. And by remark.3.3 there
does not exist an independent basis for join
of two graphs. Since Ks = (P1 + P2) is the join
of Prand P,=G =(P,+P,),m=234,5

are the only graphs which have dimension 2.

only graphs

Converse part is follows by Theorem. 3.2.

Theorem.3.5. For given positive integer m
and n=1,

3 if3<m<9
4 if10<m<11
5 if12<m<13

dim(P,+C, )=

if k-1<m<k

Theorem.3.6. For given positive integer m
and n=2,

4 ifm=3

dim(P,+C, )= [m—l}rl >4
2

(3.4)

Theorem.3.7. For a given positive integer m
and k=0, 1, 2, ...

4 ifm=3

. 4+k if4+2k<m<5+2k
dim(R,+C,, )=

(3.5)

Theorem.3.8. For a given positive integer n t

mnﬂﬂ;er):n.

Proof: Let G = P1+ Kln be the join of P:
and Kin, where V(@P1) = (v}
V(K. = Ui Usro U

Claim: W = (v, u1, u2...un1) is a basis for G.

and

Every element in V \W get a unique
metric representation with respect to W.
Therefore W is a resolving set for G. If we
remove any vertex from W then it is not a
resolving set for G. Let W’ be any subset of V
(G)with (n-1) vertices including v, then
among thevertices of V\W we can find out
atleast onepair of vertices having the same
metricrepresentation with respect to W'
Therefore W' is not a resolving set for G, then
dim (P1+K1,n)=n.

Theorem.3.9. For a given positive integer n,
, 3 ifn=1
dlm(P2+Kln): . :
’ n+l ifn>2
(3.6)

Open Problem. 3.10. For given positive
integers m and n find the metric dimension
Of Pm + Kl,n.

4 METRIC DIMENSION OF JOIN OF TWO
COMPLETE GRAPHS

Theorem. 4.1.The metric dimension of join
of K1 and Kn is dil’n(K1 + Kn)z n.

Proof: The K, +K,=K,, and

dimK_ , = n. Therefore dimK, + K =n.

join

Theorem. 4.2. Given positive integers m
and n,

dim(K, +K,)=dim(K, )+dim(K )+1

Proof: ~ The join K, +K, =K, .-

Therefore

dim(K, +K,)=n+m-1=
(n-1)+(m-1)+1=dimK, +dimK,, +1

Now we study about the dimension of join of
paths and complete graph as follows.
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Theorem.4.3. For positive integers n, m. The

metric  dimension of P, +K, is

dim(P, +K,)=dimP, +dimK_ +1

Proof: Let and V;,V,,...,V,U;,U,,...,U

*1rTm? n

be the vertices of G. We have following
cases.

Case.1:m<2,n<3
Follows fromTheorem 4.2.

Case.2: M > 3,n > 3, consider the following
graph G =P, +K_ in Figure-4

Figure-4

Claim: Every basis of G contains two

adjacent vertices V,,V, ,, where 1<i<m.

Proof for claim: If possible assume that
k:dim(G) and there exists a basis

w :{vi,ul,uz,...,ukfl} for G such that
v,eW and v, ;,V

i+1

¢ W. Since eachV; is

adjacent to every U,,K =1,2,...,Nn there are

3 sub cases.

Sub Case.l: If =1 then V; €W and the

metric representation of V, is (1, 1, ..., 1)
with respect to W and also we can find
atleast one vertex among U; such that its

metric representation with respect to W is
(1,1, ..., 1). Which contradicts the choice of

W. ThereforeV, eW .

Sub Case.2: If i =N then V, €W and Vv,

and at least one vertex among U; have the

same metric representations with respect to
W. We arrive at a contradiction as in case. 1.

Sub Case.3:If 1<i<nNthen V, eWand v, ,

and V,have the same metric representation
(1, 1, ..., 1) with respect to W. Therefore
either V; ;,V; or V;,V,,; in W.

hence the proof for the claim is complete.

For the case of Kn every n vertices are
adjacent to each other and each of

V;,i=12,...,m. Therefore we must choose

n — 1 vertices from ui, uz2, ...,un to form a
basic. Hence dim (G) = 2+n-1=1+(n-1) + 1 =
dimP, +dimK,  +1

5. CONCLUSION

In this paper, we determine the metric
dimension of join of paths, paths and cycles,
path and stars, complete graphs, complete
graphs and paths. It isalso characterised that
dim(G,+G,) =2 if and onlyif Gi =P1

and G, =P,,2<m<5.
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